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ABSTRACT

This investigation studies a two-dimensional model of a layered

medium subjected to the frictional excitation of a high-speed asperity

traversing over the surface of the medium. The general analytical

solutions of the mechanical stress state, the temperature field and the

thermal stress state are obtained and expressed in the Fourier

transform expressions. Numerical solutions are carried out for cases

of uniform and parabolic pressure distributions. The resulting stress

state yields the conditions for the asperity to initiate cracks in the

layered medium. This paper studies, further, the thickness effect of

the surface layer, the effect of relative stiffness of the surface

layer and the substrate, and the effect of an insulating layer versus a

conductive layer.
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Nomenclature

c specific heat

ClC 1  The dilatational wave speed of the surface layer and thesubstrate, respectively.

c2 , c2  The speed of shear wave of the surface layer and the
substrate, respectively

H thickness of the surface layer

k1 , k 2  thermal conductivity
£ asperity characteristic dimension, the half width of the

contact area

M Mach number

P pressure over the contact area

P average pressure over the contact area
q heat flux through the contact area

qo average heat flux through the contact area

R1, R2  Peclet numbers of the surface layer and the substrate,
respectively

T temperature

uj'u 2  displacement in xI and x2 direction, respectively

U,V dimensionless displacement in xI and x2 direction,
respectively

v traverse speed of asperity

coefficient of thermal expansion

Sij Kronecker delta

€i,12,€22U strain field

{ ,nl dimensionless coordinates (= xi/t)

K thermal diffusivity

Lame coefficient

Uf Coulomb coefficient of friction

V



"11 12 -"22 stress field

a~ Wa cn7n dimensionless stress field

p mass density
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CHAPTER I

INTRODUCTION

1.1 Purpose of the Investigation

This investigation addresses the general behavior of a failure

mechanism that is caused by a high speed asperity traversing over a

layered surface as shown in Figure 1. The resulting cracks on the

surface lead eventually to total failure of the devices. Such a

phenomenon of failure has been observed in many a pair of mating

surfaces rubbing against each other such as brakes, marine seals, and

the like.

The nominal design pressure between such devices is based upon

the total mating surface. However, at the operating speed, the actual

contact area can be smaller by a factor of the order of 10- 3 , or

even 10-4 . Such reduced contact area could be the result of an

asperity or the cause thereof. As a result, a low design pressure may

result in a very high interfacial pressure. This causes a large fric-

tional force in the contact area. The high friction would cause

locally an extremely high temperature, leading to cracking of the

surface. In view of the frequency of such phenomenon, many attempts

of surface modification have been under investigation. Such current

significant development underlies the importance of the present inves-

tigation in the thermo-mechanical behavior of layered surface under

the frictional excitation of a high speed traversing asperity.
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Figure 1. Two-dimensional Asperity.



1.2 General Background and Related Investigation in Progress

Two bodies in sliding contact under heavy loads will experience

high local temperatures near the contacting surfaces because of exces-

sive frictional heating. Cracking may then occur in the neighborhood

of the contact zone due to the combination of thermal heating and

mechanical load. This phenomenon is known as heat checking [l].

One of the models of failure is due to high pressure, and dry

friction exists as a result of asperities which are developed on the

mating surfaces. The asperity may be either an external or internal

material inclusion or some thermomechanical deformation of the mating

surfaces. The asperity represents a moving concentration of pressure

and excess Coulomb friction on the mating surfaces. Friction influ-

ences both the mechanical stress state and the thermal stress state

because frictional heating produces a severe thermal stress state.

These high stresses can then initiate a fracture of the material.

A general survey of the problem of cracking through the develop-

ment of a frictional hot spot was discussed by Burton [2]. The exis-

tence of high hot spots was demonstrated experimentally by Sibley and

Allen [3], who showed systematically moving hot patches in the contact

zone. Two and three-dimensional models of heat checking in the

contact zone of a bearing seal were presented by Ju, et al. [4].

In both the two-dimensional and three-dimensional models of a

single moving asperity, the high temperature field is concentrated in

a thin layer in the neighborhood of the surface. The depth of such a

surface layer is of the order of twenty percent of the asperity size.

For a material such as stellite III, the high temperature field will

3



not alter significantly the important mechanial properties. Such may

not be the case for other materials. When property changes occur, we

will have a problem of friction cracking involving a solid with a

surface layer of different material properties. Problems of such

phenomena and those of coated surfaces belong to the general class of

thermocmechanical cracking of layered media. The present investiga-

tion deals then with the problem of heat checking in media with a hard

surface layer. The surface layer may be softer or harder than the

substrate. Their thermal properties may be different. These factors

and the thickness of the surface layer constitute the parameters of

analysis in the investigation.

The analytical model in the investigation is based on the genel

theory of a continuum. From observation of failed specimens near the

surface, it is reasonable to postulate that for hard surfaces the

plastic deformation and rupture at the surface are at the granular or

even the subgranular level. The base solid material subjected to the

asperity friction is essentially elastic. The irrecoverable work in

the surface deformation manifests as heat input.

The surface layer, be it thermally induced or coated, is assumed

to be of uniform thickness. The depth of the substrate is infinite in

comparison to the asperity size.

1.3 General Theory

1.3.1 The uncoupled theory of thermoelasticity [5]

The basic mathematical formulation of thermoelasticity describing

the behavior of continuous media are the following equations:

4



kT =PCVT + (3x + 2) aT Ckk (1)

a1jj 04i (2)
= p(i  (3)

cij f (i~j + uj' i )  3

lij = 6ij'ckk + 2 ueij - ij (3x + 2u)a(T - TO ) (4)

The coupled dynamic formulation can be simplified for cases without

thermal or mechanical shocks to the uncoupled quasi-static

formulation.

When an external mechanical agency produces variations of strain

within a body, the time rate of strain variations cause a change in

the temperature as indicated by the heat conduction equation. Conse-

quently, by a flow of heat, the whole process increases entropy and

therefore increases the energy stored in a mechanically irrecoverable

manner. This phenomenon, known as thermoelastic dissipation, is

accounted for by the mechanical term; therefore omitting it may yield

erroneous results. However, the dilatation rate in equation (1) is by

order of magnitude small for most of the thermoelastic problems. The

coupled heat equation, [equation (1)] may be rewritten as

UT, 1  PC T[1 + 6(x+2 .k k (5)

where the nondimensional parameter 6 is defined by

(3x + 2 )2a 2 T0

p 2 Ve2  6)

and Ve is the dilatational wave speed.

5



The coupling term is negligible compared to unity if

<kk x + 2 /3 13r << + 2.J (7)

For illustration, values of the parameter a will be computed for

purposes of numerical comparisons. For aluminum, with

= 4.13 x 1010 pa, U = 2.76 x 1010 pa,

= 2.3 x 10 5/C, p = 2.7 x 103 kgs/m 3

cv = 835 N-m/(kg °C),

and, taking as an example To = 90°C, we obtain 8 = 0.029.

For steel, with

x = 12.4 x 1010 pa, U = 8.3 x 1010 pa, a a 1.2 x 10-5/0C,

p = 7.8 x 103 kgs/m 3 , Cv = 459 N-m/(kg °C), and again with

To = 90°C, the corresponding value is 6 = 0.014.

Thus for both cases the coupling will be small [from equation (7)]

if approximately,

r:kk-- r << 20.

3aT

For temperature distributions with no sharp variations or discon-

tinuities in their time histories, the time rate change of the dilata-

tion is of the same order of magnitude as that of the temperature;

6



thus disregarding the coupling term as described previously is

reasonable.

The preceding discussion makes it clear that the possibility of

omitting the coupling terms depends not only on the fact that the

inequality 6 << I must hold (as it does for most metals), but also on

the fact that strain rates must be at most of the same order of

magnitude as temperature rates. The latter condition implies that the

time history of the displacements closely follows that of the

temperature; in other words no pronounced lag or vibrations in the

motion of the body must arise.

1.3.2 Brittle Fracture [6]

When a solid is subjected to increasing loads, the resulting

stresses will, at a certain stage, become high enough to cause the

solid to break apart. If such breakage comes about before the piece

has thinned down to zero thickness, it is called fracture, and if the

amount of permanent deformation preceding fracture is negligible, it

is called brittle fracture. In this investigation, both the surface

layer and the substrate materials are brittle so that when the stress

reaches the ultimate stress, brittle fracture will occur. Also, if

the shear stress reaches the maximum shear stress at the interface,

shear delamination will happen.

7



CHAPTER II

MATHEMATICAL MODEL

The problem under consideration is one of thermomechanical crack-

ing in a layered medium by a fast moving asperity, as shown in Figure

1. Because the actual contact area of the moving asperity is much

smaller than the layered medium, the mathematical model is represented

by a half-space subjected to a fast moving asperity whose effect is

delineated into a moving heat source and a moving mechanical load of

combined pressure and tangential friction. Two sets of coordinates
I I

are employed: x, - x2 are fixed to the medium, x, - x2 are fixed to

the moving load. The relative speed of the contact surface is assumed

to be large enough to result in a high Peclet number (vt/K) but

smaller than the Rayleigh wave speed. The quasi-static theory thus

holds. The general solutions for the mechanical stress state, the

temperature field and the thermal stress state are approached by the

use of the Fourier transform method. Because of their complexity, the

general solutions are left in the transformed space. Solutions by

numerical integrations of the inverse transforms are carried out for

special problems.

2.1 Basic equations

The governing equations come from Cauchy's law and the uncoupled

theory of thermoelasticity, in terms of the moving convective

coordinates {xi}. The acceleration in Cauchy's law will have only

the convective terms. Hence, Navier's equation is expressed as

8



2u

x + J) Uk ki + uikk - Ox + 21) a T,i  pv2

x1I

where summation convention is used for repeated indices of roman

minuscules.

For i = 1

2 2Ul a 2 a2U1

(x + 2u- pv2) - + + U) + - (3x + 21) a 1= 0
a2ax ax2  axax1  a 2ax

For i = 2

2 2 L2
2u2  2 2

- pv2 -a-+ ( + ~U) + (x + 2p) Oxx- - (3A + 2u) aT 0
ax1  3 13 2  ax 2  2

The Hooke's law equations are

au1  3U21 -- (X + 2U) - + X - (3 + 2) a(T - Tax11ax 2  0

1 au2

012 = aU

au1  3u2
X22 = -

+ 2U) x- - (3x + 2U) a(T - TO )

The above equations apply to both the surface layer and the substrate.

The surface boundary is traction prescribed so that

12 f pIx1 ) (lxIi < , x2 - 0)

L 9



( {) 0 (IxiI > A , x2 = 0)
P " . 1 c1< e ', X2 = 0)

Regularity conditions hold at infinity.

71'112,22 ,1u 2 0 0 (0 1 x2 j H , 11 l x i

**lu 0 (X2 + x2 + m

Continuity conditions apply at the surface layer/substrate interface

(1). (2), (1) (2), (1) (2) (1) (2)a1 a1 2 2 u = u , u = u (x 2  H )
~12 12) 22 ~ 22 , 1  1~ U 2  2 ( 2 =H

where the superscript (1) designates the surface layer, (2) the

substrate.

The heat conduction equations are

a2T(11  a2T 1  - v T(1)

ax2 x2 Ki ax 1
a + a2  - V ~
2 2

a 2T(2 ) a 2T(2 )1 = V aT (2 )

ax2 ax2  c2 ax1

The boundary conditions, the continuity conditions, and the regularity

conditions for the heat equations are

-k aT(1I) q(xj) +1xi < x x2 = 0)
1 ax 2  0 +1 (Ii> 1 x2 =0)

k T( )j  k T(2) ( =H
1 O = k2  - (x2  H)

10



TM T(2 ) (x2 = H)

TM , T(2) * o (2 + X2 +
(1  x2

The following dimensionless quantities will be used for general

computation.

X1 / , n =X 2 / , DH/t, a11 /P o , nn a22/Po,

(I = y12/Po ' u = ' 1  , V = u2/1 ,M = v/c 2 , N = c1 /C 2

( 2 / -- -

q oa2 I / 2 / I +2a=' p, =P

Y2- = - c

2= 12 2 P2 0-

*(i) (T(i) . To) kl/qoI , Q , R = v x/Kl  and R0 1 o qo 1 =v 1  R2 v/c 2 .

The linear theory of elasticity allows the equation to be delineated

into the mechanical and the thermal parts. They are thus grouped into

(1) equations for the mechanical stress field, (2) equations for the

temperature field, and (3) equations for the thermal stress field.



2.1.1 Mechanical stress field

In the surface layer

2 2 2(1) 2 2 (I) 2 ~(1)

(12 M2) a + (12 _ j) a n + J2 a = 2 - 0, (8)

aV ) 1 2 E 2u(1) 12 a2V( )
(2 _ M2) a2 + (12 _ 12) 2 ) =  0 (9)

- 2 aan + 1)

(1) = 2 [I2 2(1 + (12 - 2J2) aV (101

2 [ n (1)  (
(1) = J 2 au + (2 2J ) (10)

(1) [2 2 u(1) 3() 12 aV(1) (12)
(1) = u2 ( 2 J2 ) au1 +12a l

enn " oac: an

In the substrate region

(N2  - 2) a 2u + (N2  1) V(2) + a - -- 0, (13)

a (2  
-a 1) n

(1- M2 ) a2V (2) N2  2(2) N2 a2V(2) 0 (14)

(2) - 2  a an~2  22V 2

(2) 2 N2  au(2 )  V(2 )  (15)

(2). "2 [lu(2) + av( 2) 
(

En an a (16)

O12



(2) 1. N2 -2) -qu + 2 9 2) 1 (17)
Iln 2) o (3Ca -~

The boundary conditions, the regularity conditions, and the continuity

conditions are correspondingly

=(1) Ijf (i < 1 n = 0) (18)

(1)= 0 (I > 1 n 0) (19)

I -P( W i _< 1 ,n = )

.na .uV + 0 (0 < < . ) D (20)

,On, nn.UV + 0 (2 + 2 2 , (21)

= a (2)1 (1) (2) u(I) = u (2), V(1) =V(2) (n D) .(22)

2.1.2 Temperature field

+ R (23)

2 (2) 2 $(2) (2). +LL2.= R2 .+(2 (24)

3&2  an 2 23

13



The boundary conditions, the continuity conditions, and the regularity

conditions are

- Q (C) NO (I (25)

(1) (2)

0 ( =D) (27)

0(1), (2) +0(E2+ 2~ (28)

2.1.3. Thermal stress field

In the surface layer

*2

22(1) 2V 1  2 2(1) b Y1
(1 2 t + (12 - -2 + 2 a u b(

ZEn a C 2  (29)

2  2 a2V(1) 2 21 2u 1  2 a2V (1) b Y (( 2_ a an 2 T-- an --
(30)

u2 2 au (1)  12 2 V b YI 1
( -F I + (I- 2J2 cT"0

6  ac 2 an 2(31)

S(I) 2 u2 (i) + 3v(1)  (32)

14



-+ 1 --- I1. (33)
(1)  t12 12 2) u( ) .nin aE -aJ T n c2-  "

0~c 
2

In the substrate region

2 2 u(2) +(N 2  a 2V(2) a2 u(2) b2y2 3€(2) 0 (34)(N .M-) -U -1) - % j

2V2 22 (2) 2+ N 2 a2V(2) by2 (2) 0 ,(35)(1 - M)---' -+ N2  1 )U -i- 2= ~
a&2 " a an n2  c 2 n

b 2 2

(2) u2 N2  u(2) N2  2 V(2) b2f2 (36)

(2 N U2Fu() a (2  (2o - L -- 1 c (37)
0O an

(2) U2 a2 vu(2) 2 9V(2) b 2 2 (2

F21
o..-.o.-...- 4 - - ,(. I'3s1

The boundary conditions, the continuity conditions, and the regularity

conditions are

(1) = 0 (n = 0), (39)

(1) = 0 (n =0 , (40)
nn

ao { ,u,V * 0 (0 < n < D , + -) * (41)

15



" W ,a ,annuV 0 + 2 + 2 + (42)

(1) (2) (1) (2) (1) = (2) (1) (2) (n )

" n -n a C a n

(43)

2.2 General solution

The Fourier transform [7]

F{ } = (2w)- /2 j { 1 eisC de

is used, denoting the transformed quantities by a superposed tilda

then letting U = iu, v = V, = s, a = /s, a = i , a

nn/s, , d - 1 d Weanoai

/s, P/s, i = i/s, Q*= Q*/s, and Td We can obtain

the analytical solutions in the transformed space.

2.2.1 The analytical solutions of mechanical stress field

Equations (8) through (17) become

J2 a(l)" - (2 _ M2) 5(l) + (12 _ j2) V(i)' = 0 (44)

12 v(1)" (j2 _ t) 7(1) _ (12 _ j2 ) -(1)' = 0 , (45)

-(1) U28 [-12 ;()+ (12 - 2j2 ) V1] (46)
-(1)( ))

;(I)= (j2 + ( ,) (47)

{n Fo



J2 12 v(l)' 1 ( )
(1 =IV - (I- 2J2) (48)

U(2)" (N2 _ M2) U(2) + (N2  I) 7(2)' = 0 (49)

2 v(2)' - -M 2 )  (2 ) -(N 2 _ 1) -(2)' (= 0 ,(50)

-(2)= '"2 2 -(2) + 2 2) (51O- [-N (N 2) (51)

-(2) "2 -(2)' + ((2)
r(u (52
0

-(2) 2 2 v(2)' 2 ) (53)

Cy nn P EN2  (N  2) (53)
0

The boundary conditions, the regularity conditions and the continu-

ity conditions are also in transformed expressions

(1) iUfP -luf P*() eise dE at 4 = 0 (54)En v sf

_ = 1 1P*(E) eisC dE at 4 0 (55)
nn s f/

where P*()= P() 1)

0

17



a o ~, annu, V 0 (C- ) (56)

(1) - (2), -n (1) = (2), ;(1) = -(2) ( ) V(2)= °n '' (57)

( SD)

From equations (49) and (50) we can get

6(2) = f-2 ( _ g2))-I [(I - f2) V(2 )'" + (f4 g2)V( 2 )'] (58)

(2)( (f + g2) V + f2g2 (2) =0 (59)

where

2)/2(1_M1/
f = (1 - M2/N2) , = (1 - ,2),2.

For the subsonic case

m= v/c2 < 1, N = c/C 2 > 1

1/2f(=1U- M/N2) 12 (1v2/c1 ) 12> 0

=(I - M)1/ 2 = (1- v2 21/2 > 0

and c1 > c2 so that f > g.

Equations (44) and (45) yield

-(1) = (12. M2 ) (12 _ j2) 12j 2 V(1)''I

+[(12 2)2 _ (60) S

) . J 2 (j 2  M2 )] )(60)

and

01) (4 ) / 2 2 2 , ")VI'
- [(i - M2 /J 2) + (U - M2 2/ ,(1)

+ ( - M2/12 )(I - M2/j2)V(1 ) = 0 (61)

18
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Equation (61) has a characteristic equation

x4 _ (I - M2/J2) + (1 - M2/12 )]x2 +(1 - M2/12 )(1 - M2/J2) = 0

(62)

in which X is the characteristic value of (1) = ex .

For the subsonic case

M2/j2 < 1, M2/I 2 < 1, and I > J.

with j = (1 - M2/I2 )1 /2 k = (1 - M2/J2 )1!2 then applying the boundary

conditions, we can obtain the solutions for s > 0.

a* cosh jns + bI sinh jns + c1 cosh kns + d sinh kns , (63)

1u(I = j- (a1 sinh inis + bI cosh jn)+ k~ I sinh kn +d I cskn)

(64)

-(1) "2 2 1 1E - E = o-S(M i + 2J2j) (a  sinh ins + b cosh ins)
011

2 * *

2SJ k(c1 sinh kns + d cosh kns)] , (65)

-(1) 22S [2J (a cosh jns + b, sinh jns) + 6j (1 + k

En 0

(c1 cosh kns + d sinh kns)] , (66)

-I) V2 2k-1 2
a(nn T2 o j(1 + k (a, sinh jns + b, cosh ins)

+ 2 j2k(c1 sinh kns + d1 cosh kns)] , (67)
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-(2) = Ae-fns + B* e-gns (68)

u(2) f-IA~e-fns -gB e-gn  , (69)

-(2) 72 -1Ef (M + 2f2) Ae + 2gB1 egs] (70)

-(2) U2 * -fns g 2) * e-gns]
E~n =o [2 A I  + (l + g 1I  (71)

-(2) p -f-1(1 + g2) A* e1V15 - 2gB .-grs) (72)
nn 70

For s < 0 we can get a similar set of solutions. Where al, bI, c1, d,

A1, and B1 are functions of s and depend on the pressure distribution

profile P, that

-2 sin s

4'2w s

for, uniform pressure and

6 (sin s _ cos s)

/27 s 
s

for parabolic pressure.
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Now enforcing the boundary conditions (54), (55), and (57), the
* * * * * *

six constants A,, Bi, a1 , b,, cl, and d, are interrelated by six

algebraic equations

* 2 * 
1 1f.

2a1 + (1 + k ) C1 = - P (73)

-1 (1 + k2) b1 + 2kd*= - P (74)

j-s a* +j-1c * * * f-1e-fsD * -gsDB*= 0 (75)aI + bI  + kSkcl + kckd I + A1 + 1 =

* a * . e-fsD * e-gsD B
cjaI  + sjb I + ckCl 4 Skd I - A1 - 1 1 (76)

2c a1 + 2s b* + (1 + k
2 )c c + (1 + k2)Sd -fD A14(k 1 )kd1l 6 2 A1

+ ( 2 + g2)e B * = 0 (77)

* 2 * * *

j'(1 + k 2)s a + j'1(1 + k )c b + 2 kskc* + 2 kck d
i ik1 k1

+ (I + g2 ) e-, f s D ,A* +2ge - g s D B* (8A1 + I = 0(78)

f6J2 I j2

In the above

sj = sinh (jsD)

c. = cosh (jsD)

sk = sinh (ksD)

ck = cosh (ksD)

represent the six algebraic equations in matrix form, then solve it by

Cramer's rule.
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2 0 (1+k ) 0 0 0 a1

0 j-1 (i+k ) 0 2k 0 0 b

j- s j- 1c ksk kck f'1e-fsD ge-gSD c

c s ck s -e-fsD -e-gsD d

22 2e -fsD 2e-gsD .

2cj 2s (1+k2 )ck (1+k2)Sk - 2 - (- + e AI

j-1(1+k2)s. j-1 (+k 2)c 2ks 2kc (1+g2)e fsD  2ge-g so  B*)L2 k k 2 .2

ilafP

- 0 f

SJ
2

0

0

0

L0

a * A3  *&4 * A5  *A 61 -- , b = -1 C1 =7-, d -, A -- , B --

The expressions of A, Al, A2, A3, A4, as, and A6 are given in

Appendix I.
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2.2.2 The analytical solutions of temperature field

IEquations (23) and (24) in the transformed space became

1)" _ (1 - iR1/s) (1) (79)

- (i - iR2/s) (2)= 0 . (80)

Applying boundary conditions we can get the solutions for s > 0.

,-VI - iRlI/S ns ,AJ - iR11/S ns

;(2) A -V- Ris / - iR2/s (81)

-(2* = A2 e (82)

I I I

where A1 , B1 , and A2 are functions of s and depend on the heat input

profile &*, that

* 2 sin s
V2 s2

for the uniform pressure and

6 (sin s cos s)

for parabolic pressure.

For s < 0, Equations (81) and (82) may be used, provided s is

replaced by n = -s and a negative sign is added to )

Apply the boundary conditions and the continuity condition at the
I I I

surface layer/substrate interface, A1, BI, and A2 can be readily

solved.
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A1 :Q F + BG

F Fs 2s
1 S F2 (1 - e 2F D)  + BFG(1 + e -2 s )

Q " (F - BG) e 2FsD
1 =Q F2 (1 - e 2FsD) + BFG(1 + e 2FsD)

' _ Q 2 (-F+ G~sD
A,- -

A2  s F(I - e 2FsD) + sG(I + e 2FsD)

where F = (1- iR1/s) 1/2 , G = (1 - iR21s)1/2

2.2.3 The analytical solutions of thermal stress field

Equations (29) through (38) become

d 2;(l)" (1 ( 2 -M2)  Iu + (12- 2) V(1)' b*2yl ;(I)( -M -1 (83)
C 

2

b*2
2-)" (j2 M2 ) i(1) _ (12 j2) ;(l)' *Y im(1),I -- (84)

-(1) 2  2 -(1) 2 2 -(I)' b*l(1 (8
'1 2- 1 2)V -(SSC2 J

1 2 + ( ) (86)

-(1) 2 W (2 2 (j ) 1
nn - I 2J)u 2 (87)

24



;(2)" .( 2  M2) U(2) p42  1) V(2 )  b2y2 (2)
- + -= -T(88)

c 2

N2  (2)" 2V(2) t2_ ( 1) (2)' b2Y2 -(2)'N (I - M 2  2  ) = (89)
c 2

a { =  l 0  N 2 1 - )2 1 ( 0

-(2) U2 (2(2)' + (2)) 
(9)

-(2)- P2 [ b2 1
n n P ' E - (N - 2) u(2) + N2  V(2)' Y2 -(2) (92)

c22

The boundary conditions, the regularity conditions and the

continuity conditions are

a(En 0 at =0 (93)

at = 0 (94)
Tn

So{ , a, n, u, v+O when 4..m (95)

;(1) -(2) -(1) = -(2) -() = -(2) and = (2  at = sD
tn = q n n i' (9 6 )

where (1, #(1)' 0(2) and *(2)' come from temperature field,

'= 1 e-F +B eFC )
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-(2)' = _ G2A e-G
G22

S S

A,, B1, and A are the same as in the temperature field. Equations

(88) and (89) yield

-(2) = f-2 ( 2)-i ( - f2) (2)' + (f4 _ g2 ) V(2 )']

- E1,€2 -

-(2) 4  (f2 + 2 g (2)

) (f2 + g2) V(2)' + f2g2 V(2) E 2 _ E4 -(2)
3 4(98)

S b2 y,2 , 2  2 i -- y1

where E = I b ,2 E2  1 bY2I (N2 _ M2 )  2 2 ' - M 2)( 2 _) c2--

2 C 2

2 2 2-9 by 2  1 by 2

N 2  N 2

-(2)'' = G2 e-GC

-(2)'''
and = -G A2 eGC

Equation (98) is a fourth order nonhomogeneous ordinary differential

equation, where the nonhomogeneous part comes from temperature field.

The complementary solution of equation (98) is

(2)c = Ae fC + B efC + c2  e
- " + D egC (99)

22 2 2

Assume the particular solution of equation (98) is

7(2) = A~e"GC (100)
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Substituting (100) into (98), we can obtain A

-* 3

A Q (-E 3G + E4 G 3___2e_______________

3 IG4 _(f2 +g2 )G 2+ f2g921 [F(1 -e-2 F + BG(1 +e 2s

The solution of equation (98) is the combination of the complementary

solution and the particular solution

V(2) =Ae-' + B*gC + c*efC + D*egg + Ae G (101)
2 2 2 2 3

Equation (101) together with the regularity condition (95) yields a

solution for s > 0.

(2) =Ae-f + B*e-gc + Ae-GC (102)

2 2 3

Substituting (102) into (97) -U()can be obtained.

a(2) -f-' AefC - gB~e gc + E eG (103)

where E 5 = -f2(f2 _ g 2)F'1(1 - f2)G3 + (f4 _ g2)G)A 3

+ (E 1 + E 2G 2)A 2'

Equations (102) and (103) together with (90), (91) and (92) yield

7(2) . U12 -1 2 22 *A-e + 2gB~e-gc + E eGC](14

cc r1 E2f ( + 2f )A 2  8 2 6~+E e- (105)
0

-(2)= .u2 1 4 + (I~f + -2 E e C 152 n 7 2 2 8
0
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2 b Y2where E6 E (N2 -2) GA3 - A 2

E7 = E5 G + A3

2 2 * b2y2

E8 s- (N2 - 2) E5 - N GA23  = A2
C 2

Equations (83) and (84) give

*2

U T T __ + j-2 -1 1 b Y

i P I jP c 2

*2

1 b yi 1 7 (107)

I j c 2

--FT- 
,

V -4 (j02 k 2) VT17 + j2 k2 Vr1T - Eg + TI=T

where P = 1 - 12/1 2  (108)

* 2

.2

•*2t

E k2 b y11 ITo-7 -



The complementary solution of equation (108) is

V a2coshjC + b2sinhjC + c2coshkC + d2 sinhkC (109)

Assume the particular solution of equation (108) is

V1 = A e- F ¢ + A*e (110)

* 5

Substituting (110) into (108) we can obtain A4 and A5

. (-F 3 E9 + EF) A1

F - (j + k )F + j k

. ( F 3 E - F E )B I

5 F4  (j 2 + k2 )F 2 + j2 k2

The solution of equation (108) is

717 * * *V = a 2coshjC + b2 sinhjt + c,,coshkr + d2 sinhkc

+A~e - FC +AeF¢  (111)

Substituting V into (107) gives

+- kf-lhk + d*csh)

= j (azsinhj + b2coshj ) + k(c 2sinhkc + d2  coshk)

+E e"F; + E12 eF (112)

*2
where E F3  * - 2+ P 1  * 1 b YF 2

er E -A 4  (j )FA4 +2-- F A1
j P I jP c 2
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*2

b yI

1 2 C22 A1

2

EF2 = + (j-2 + p-1) FA5 + 1 b l F2 B

12~ * 77 5  5 .22j-

*2

I b Y '
2 2- c---B I

Equations (111) and (112) together with (85), (86), and (87) yield

-(1) =6 12 [_ (M2j-1 + 2j)2 + b hj'

EEp-[ + 2 )(a 2sinhjC 2 coshjC

- 2j2k(c2sinhkC + d2coshk) + E13e
- F  + E14eFC] (113)

2  
2 1 3 1 4

-(1) = 2 "[2(a*coshc + b~sinhj4 ) + (1 + k2 )(C*coshk

d2sinhkc) + E e-F + E eF ]  (114)

215 16(14

-(1) 2 2j -1+ 2.2 ~boha () i - i jj- (1 + k2)](a*sinhj + b coshjC)

nn 2 2

+ 2 k(c2sinhk + d2coshkO) + E e F + E 1 e FC (115)2J 2 +17eF 
+  18e ]

where
*2

2.1 b y1

E13 E - (2 - 2J2 )FA --- A
C2

£ = - -2E + (12 2J )FA5 - b B1
12 5
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E15 = - FE11 + A4

**

E16 = FE12 + A5  '

2 2 2 2E 2- IFA4 - (I 2J- - -- A,
c

2

2 2 12b y

FA5  2J)E 12 - - B1
C 2

Applying the boundary conditions and the continuity conditions at the

surface layer/substrate interface, the six constants A2, B2 , a2 , b2 ,

c2 ,and d2  can be solved by six algebraic equations2 2 *

2a2 + (1 + k
2 )c2  E

j-1 (1 + k2 )b + 2kd= E
2 20* .-1 * * I * = *isD+ le

j1 s a2 + j c b + kSkC2 + kCkd 2 + fiA*e-fSD + gB2e- g s D  E

2cja + skb + ckc + Skd 2  A ~e - =22

2 * 2 * 2e fsD  *
2c a 2 + 2sjb2 + (1 + k )ckc 2 + (1 + k )skd 2  2 A 2

(1 + g )e- g s D B E
- 2 B2  23

-12 * * *
j1i + k )s a2 + j-(1 + k )c b2 + 2kskC 2 + 2 kckd2

(1 + 92)e-.fsD 2 e9gsD  *
+ A2 + B2 = E2 4

faJ2 6J 2

where E1g = - (El5 + E16)
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E17 + E1 8

E2 0 = 2

E e-GsD  E e- F sD  1 eF sDE21 =E 5e -E 11 -~ 12

A* e-GsD A*e-FsD _ AeFsD
E2 2 =A 3 - 4 5

E23 2 E7e -GsD - E15 e- FsD - E 16eFsD

E24 = E8e -GsD - E17
e - FsD - E18eFsD

or

2 0 (1+k2) 0 0 0

0 j-(1+k 2) 0 2k 0 0

j-ls. j-1cj ksk  kck f-1 e-fsD ge-gSD

c s ck sk -e-fsD -e-gsD

22e -fsD  (1+2 )e-gsD
2c. 2s. (1k 2 )c (1+k2 )s2

j- 1(1+k 2)s. j- (1+k 2)c 2ks 2kc (1+g2)e-fsD 2qe - gs D

-1 2 -1j 2 sks 2kkf6J 2  j

a2  E 19

b 2  E2 0

c 2  E 21

d2 - 22

A2  E23

B2  - E2 4
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* * * * * *

Aa- • A2 A3  A4  * A5  A6a2  c 2 = d - A = and b2=B '2 " = '

A A A A A A

where A* = A.

For s < 0 we can obtain similar solutions.

The expressions of A , A2 , A3, A4, A5 , and A6 are given in

Appendix II.
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CHAPTER III

NUMERICAL SOLUTION

Previous sections have shown the general expressions of the

stress and temperature fields in the transformed space. By applying

the inverse Fourier transform and following through the simplifica-

tion of the integrand, we can obtain results for several cases numeri-

cally. Here, a discussion of how the thickness of the surface layer

affects the thermostress and what material parameters govern condi-

tions leading to crack formation will also be addressed. (Figures

2-13).

3.1 Mechanical Stress Field

(1) =R {2- _J 1 de
a CE Re j(2w)1' a()-i ds

= Re 2 - s 12o [S(M 2j'- + 2J2j) (alsinhjns + b* coshjns)

+ 28J2 k(csinhkns + d coshkns)]e- iS ds1

(a* sinhjns + bcoshjs) eiS = .Pe- (f+g)sDiuf (B + B2c ck

+ B3cjsk + B4sjsk + B cks. )B + B c s

3 iJck+B k

I U
Bcsk)] sinjcs + " u (c sjk cssL j 2 j k

+ Ccs + c - 1 c+ + Cs c + Ccc3 j k 4cick) 7Y c5  6 cis k 7 j k 8 j k
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+ C 9skC i ) coshjls} (coss - isinsE)

Re (a* sinhjns + b coshjns)e" i}

P- -(f4g)sD v sn&(+B +B s+Bss
A Pe sn ( 1  2 B~i k 3 B3 j.k 4 Bjk

" B s -OS ~2 ~(B c-s + B c c + B C s

9s lj k8kj

+~~~~~~ C( Sos C+C s.Ck + C 25C+

C3CJ k 4 Cjk) - ( 5 C6 Sj k + 7 Si k 8 Cjk

" CskC i coshjnsl= WPe 9s[ sinsE E(B1 + B C Ck

+83Cisk + B 4s s k+ B 5c ks )sinhjns - (c 1S iC k+ C S s sk

" C 34k Sk+C4 dcsi cys l6jk + 27jk+ 8k

"+Bgsi s k)slnhinls + (C 5 + C 6 Si sk + C 7 SjC k + CBCiC k

"+C SkC .)Coshjns)~

~e~f9)SJ~fsinsE[Blsinhjrs + B2CkC ishri- COh1S

" B s(C.iflihjns - s.icoshjins) + B~s(s.isffhjis - c .coshJvns)

+ BS~~sisihi~S ~CO ~ Coss) [B s Es(Cisinhins

( s ShirS BC( ihs - S .COhjnhj EY-S) 6 k(Ssl ~

- C.COShjflS) + Bgsk(s isinhinS C- Ccoshins) - c5coshjr1sJ)
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e (fgsD O~f sins EBisinhjns -(B2ck + B3sk)sinh(D - n)js

(s + B c )cosh(D - rn)js) cos SI (B Bs + B ck
( 4 k 5 k S2 6k 7k

slflh(D - r,)js + (Back + B9sk) cosh(D - rn)js - cscosllinsS

(C* sinhkns + d coshkns) e-5 =s ~e(f+g)sDf I d

+d~cc d~sc + d s sk + luf (d s s + d s c

i uf
+ 0 c iCk+ dskC + d9) sinhkns +1- (P is Ck + p 2s Sk + P 3sk c

+ c k k 2 .i Cu+p6k i+p7 k 2j 8 c k 3kj 9

+PcsCkn (cossg - sinsg)PS~k 9

Re (c*sinhkiis + d1 coshkns) e s

P e- (f+g)sD Cossl [(disk c. + d c ck + d s ck + d s sk
16j~

sinhkrns - (PSC jck + p 6skc + . siS + p S iCk +- p9)coshkrns)

Uf- C~ s + d6s ck + 7 j k + dBSkC + d9)~iinhkr1s

+ (P isick + P2S jSk + p 3skC + p 4c jck)coshkrls]I

Se'- f+g) SO -COSS5 C(d c. + d s.)cosh(D-n)ks

Uf
+ (d c + d s .)sinh(D - nOks + P coshkins] - -p-sn~~~,
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+ d 8c j cosh(D -n)ks + (d6s i + d 7c i)slnh(D -~k

- d sinhkri

Therefore a(1) 2 '02 1 r e- (f+g)sD s sM2 j-1 + 2J2 jTr -7 j A 6Mjj

i1J fS~l [ins B Isiflhins + (B 2 ck + B 3 s)slnh{D - n).js + (B4sk

+ B c )cosh(D - rt)js] - cosse(B sk + B c )sinh(D n- j

+ (B8c k + Bgsk )cosh(D - r,)js - ccoshins) + 26J 2k COS

[dc+ d s )cosh(D - n~s+ (d c~ + d s )sinh(D -n)ks

+ P cosIhkns] + UfsiflsE E(d5s~ + d cj)cosh(D - nk

+ (d6s . + d7c .)sinh(D - n)ks -d9sinhkns] ds.

Similarly,

(1)2 2 P1 e -(Ags Sf4I.fcossE[B coshj)s + (B ck + B s)

0

cosh(O - ni)js + (B4sk + B 5ck)sinh(D - n~)jsl + sinsE[(B 6sk + B 7ck)

costl(D - ri)js + (B8ck + B9 Sk)sinh(O - rijs + c sjflhjiqs]

+ (1 + kc2) I- sinsEC(dlcj + d 4sj )sinh(D - n)ks

* (d2c i + d 3s i)cosh(D - k - P9 sinhkriS) + ufC0ss

[(d 5s j + d 8c i)sinh(D -n)ks + Wd6 s + d 7c i)cosh(D - n)ks

+ d coshkis)l ds
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(1) . 2 '02 o e-(f+g)sD L- 2(.si [Bsihjn
0 ~ 7; --- i- A s[j-(4kuSfS Sn S

0

-(B 2 ck + B 3 sk)sinh(D - O)js -(B 4 sk + B5c k )cosh(D - r)js)

+ coss&[(B 6s k + 7 ck )sinh(D - )js + (B8 ck + 89 k )

cosh(D - 'i)js - c oh~s + 2ki - cossE [(d 1 c. + d4

cosh(D - nOks + (d 2c i + d 3s .) sinhtD - O~ks P P9coshkns]

- f sinsE [(d 5 s + d 8 c )cosh(D - r,)ks + (d 6 s + d 7c) sinh(D -n)ks

+ d 9si nhkris] ds

(2) .2 u2 1 2 2- (gD+ C
_ ~~ ~ fl(M2 + 2f )e-gD ~

[p~fsnsE(Hls i + H 2 c 4 H 3 ck + H 4 sk + coss&(H 5 c 4 H 6s

+ H 7 sk + H 8 ck) - 2g e -(fsD+gC) CufsjflsE(Lls i + L 2 c +L 3 ck

+ L 4s k + cossE(L 5c i + L 6s i + L7s k +L 8 ck01 ds

(2)=. 2 , 12 1 f P 2e-( gsD + fC Eufcoss& (Hjsj + H~c

+ H c k+ H sk - sinsE(H c~ + H S~ + Hlsk +H

i (1 g2 ) e-(fsD~gC) EClfossE(Lls i L 2 c + L 3 ck +L4 k

-sins& (L 5 c + L 6s +L7 k+ ck] ds

38



am

(2) 2 42 1 ( 5 f1( +g2) e (gsOD+fC)nn 7- ]o J 2

EufsinsE(H1 s + H2c j + H3ck + H4 sk) + cossE(H 5c + H6sj + H7 sk

+ H8ck)] - 2ge'(fsD + gC) CufsinsE(Lls j + L2cj + L3 ck + L4 sk)

+ cossE (L5Cj + L6 sj + L7sk + L8 Ck)] ds

The above integrals are too complicated to integrate directly;

therefore a numerical integration technique will be employed. There

are many numerical schemes for integration. Here subroutine QUANC8

will be used which is based on the 8-panel Newton-Cotes rule [8]. In

the integrals, s = 0 is a singular point. The method used to avoid

the singularity is discussed in Appendix Ill.

3.2 Temperature Field

FF+ OG)eFins+ (F- 8G)e (nj2D)Fs 17,= , oo. o~ ,
S F-2(1 - e-2FsD) + OFG(I + e-2FsD)j

Let F - (1 - iR1/s)1
/2 = y1 (cose1 + isine1)

G = (1 - iR 2/s)1 / 2 = Y2 (coSO 2 + isine 2 )

where

Y 1 = (1 + R12/S2)1 / 4 ,  91 = 1/2 tan- (-R1/s)

Y2 ' (I + R2/S2 ) /4, 82 = 1/2 tan-l(-R 2/s)

F2 (1 - • "2F s D) + BFG(1 + e "2 F s D) T1 + iT2

where

T y12 Icos 2eI  1 - cos (2y1sDsing i) e
- 2Y1 sDcose1
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- sin2e sin(2-y~sDsine,) e-yscsl + BY1 -'2  c e1+ 6 2)

1+ cos (2y~sDsine 1) e lli~~cse + sin(o 1 + 2 )sin (2y~sDsine 1)

e2y~sDcos 1')

T2 x y sin2ei[1 - cos (2y~sDsinel) e ' 1 Iysco + cos2e1

sin(2yfsDsine I)e - yscs,+ Byl 2 sin(e 1 + 0 )[ + cos(2y~sDsingl)

e 2yisDcosoi] cos(e 1 + 6 2) siri(2y~sDsing1 ) e-
2y1sDcos61

(F + OG)eFn T + iT 4

where

T3  e-y1lncose1 Ecos(risrisinel)(r~cose, + y2cos92) + sin(y~snsinel)

(y~sine, + Sy2sinfl)

T4 = -lncs 1' Ecos(y~snsine I)(y~sine, + SY2 sin e2  - sin(y~snsing1 )

(ylcoso1 + Sy2COS62))

(F - G ) e (n 2D)Fs T5 + IT 6

where

T5 e ,2D)sy1cose, COSIn - 2D)sysin9 1 (y1 COs~l - y2COSY2

-sin[(n - 2D)sylsinel)(y~sing, - By251fle2)

T6 =e (n2~ycscos[(rn - 2D)sy1 sin916(yjsin9, -sy 2sifl6 2)
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+ sin[(n - 2D)sy1sine 1 ](y1cose, - fy2 Cosa 2

(T + iT ) + (T + IT)]-

s [ T+ iT2  -] ( 7 +iT 8)

where

T 1( T 3 + T5) + T2 (T4 + T6 )
T7 = 27 T 1 2+ T2 2

T1 (T4 + T6 ) - T2(T3 + T5)
T1

2 + T2 2

= Rco + dsRe~ ~ -LC(T 7  IT 8) el'sE

f~j~- (T 7cossE + T 8sinsE) ds.

0

Similarly,

(2). 2 f0d
- f Q (TilcosSE + T12 sinsE) ds

where

T1T9 + T2T oTI + T2

1 2

T1T1o - T2 T9

T1 2 = T 2
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T9  2yie [ylsDcoSol+(D-n)sy2cose2) cos I o -~~ie

+ (0 - n)SY2 sin92Y - sinelsin [-r~sDsine, + (D - q)SY2 sin 02)

2ye 1-y~~co91+D-nsy~oso] cose sin [-Y~sDsine,

+ (0 - r)sy2 sin 92] + sin elcos E-y~sDsinse, + (D - n)sy2 sin 92]

3.3 Thermal Stress Field

(1) .. 2 U2  Q F d
E 27 Po f 1i

0

where

F (M 2 j1 + 2J 2j) (CcOSSCI- [-A sinhjns + (A ck + A5 s

sinh(D - rl)js + (A 7 sk + A 9 ck)cosh(D - n)js] - (1 + k 2)

[(Bysk + Byc ) sinh(D - n)js + (Byck + Bysk)cosh(0 - nj

-(By s k+ Byi k + B{2 sj + By c) siflhjns + (By c~ + By s)

coshjnsJ + 2(ci + cycCY )c~oshinsI + sinsE E 01

A- A1sinhjns + (A 3 ck + Assk )slnh(D - n)js + (A7 sk + A 9 ck)

cosh(D - rn)js) - (1 + k )[(B 6s k + B7c k )sinh(D - )js + (B 8c k + 8 9s k)

cosh(D - in)js -(B Sk + Bi ck + B s~ + B i c) siflhjins

+ (B c.+ B1 )coshns + 2(c1 i + c c+Cs coshjisi
12 13 1 2 k C3 k
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" 2J2k [cossd2[(BYo k + Bylck)sinhksn + (dycj + dsj) cosh(D - n)ks

"(dyc + dys )sinh (D - n)ks + (By si + By c )sinhkns + (Byock
4j 5j1 13 1

+ BylSk)coshkns] + EY9 [(A8s + A6cj)cosh (D - n)ks + (A1osj + A4cj)

sinh(O - n)kS - A2sinhksn] + (I + k2)(PYC + Pysj + PY) coshkns)

+sins( 2[(B10s k + +dc
+ sis 1OkB's B Ck sinhkrns + (dic3 +6d i cosh(D - n)ks

+ (d c. + d s) sinh(D - n)ks + (B 2s + B 3c )sinhkns + (BloCk
4Bl 5 ~ 12 13 ~)k 10 k

+ B 11Sik) coshkns] + E19 NA8s + A6c )cosh(D - n)ks + (A0sj + A4c)

sinh (D - n)ks - A2sinhkns] + (I + k
2 )(P7c + Pi s + P )coshkns ]

+ T13cossE - T14 sinst

where the superscript y designates the real part of that constant, i

the imaginary part. For example, E = E Y + iE •

E20  20 20

T3= e-Y 1nc~s 1 [EE1 cos (r snsine 1) + E i sin (Y1snsine 1)]

+ ey 'sncosel CE Y cos (yisnsine1 ) - E14
i sin (ylsnsinel)]

r = e' ' s c El coi ys~ie1  ~
T14 [EE3 cos (YlSnsine,) El sin (ytsnsinal)]

+ e y Esnc
1

se  
4 E i cos (ylsnsinel) + E14 sin (ylsrnsinei)]

(1) _ 2 02 2f Q
SjJ -- F2 ds
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where

F2 = 2[sinsEl E (A ck + A s)cosh(D - n)js + (A sk gk

sinh(D -n)js + A Icoshjins] + (1 + k 2)[B 6Ys k + B 7Tc k)

cosh(D - i~s + (Byc + Bys )sinh(D - rn)js + (B ysk + B Y~c8 k 9 k1 k il1k

" By s + B Yc )coshjns - (BYc. + B Ys )sinhjns] + 2(c' + cy'c
12 j 13 j 12 j 13 j 1 2 k

" 3kS )sinfhjls} COS cs{E i [(A ck + A s )cosh(D - 1n)js

" (A sk + A ck)sinh(D - n)js + A coshins] + (1 + k 2 )[B Sk

" B ick)cosh(D - n)js + (B iCk + B isk)sinh(D - Os+ (B1  Sk

" B1 iCk + B i s. + B i c.)coshjns - (B1  c. + B i s.)siflhjns]
13 k 1 13 1 3 3

" 2(c i + Ci Ck + C3 sk)sinhj1ns1 + (1 + k 2) [sing~

S2[(dy c~ + dy s.)sinh(D - Oks + (dy c~ + dy s )cosh(D - ri)ks

-(BT Ys + B YCk + B Y s + BT Yc.)coshkns + (B Y c + BTY

sinhkrnsJ + E1 Y (A s~ + A c )sinh(D - n)ks + (A10s + A c .

cosh(D - riks + A coshkis) + (1 + k2)P I + PT s+p)27j 8ji 9

slnhkris} coss {2[(di c~ + d i s )sinh(D - ,,ks + (d i c~ + d is)

cosh(D - )ks (B 1  s + B 1 Ck j 13 Bj c)oh
10 k +1Bk12 s 13 B .coh

+ (B 0 ck + B11  k)siflhkns] + E1 I (A s~ + A c )sinh(D - ri)ks
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+ (A 0s. + A c )cosh(D - ri)ks + A coshkns] + (1 + k 2)(P i c~

+ pi Si + P1 )sinhknsj + T15sins& - T16COSSE

T1  e -Ylsrcose1[E Y cos(y~snsinel) + El i sin(ylsrsinel)]

+ eylscosl E 16 Ycos(ysisinel) - E 16 1sin(yisrnsine1 )]

e -Y1se 1CE 5 cos(yisrjsine1 ) - Ely sin(r snsine1 )]

+ e ClnoslE1  cos(y~snsinel) +Ely sin(ylsnsine1 )]

(1) = 2 42 QFds
nn vr o f 3~

fin 0

where

F 3  1( [Coss& { E 19 Y[_ 1 sinhjns + (A 3 ck + A 5 s

sinh(D - ri)js + (A 7 sk + A 9 ck)cosh(D - n)js) (1 + k 2

[(By sk + By ck)sinh(D - n)js + (By c + BY s cosh(D -n)js

-(B Y + B YCk + B Y s + B Y .)siflhjns + (B Y c + B Y s)10 k 11 k 12 j 13 j 12j 13j

coshjiqs) + 2(c1 Y + c 2 YCk + C 3 YS k )coshjIs + sinsE I- E 19 
1

A- A1sinhjins + (A 3 ck + A5 sk )sinh(D - njt+ (A 7s k + A 9 ck)

cosh(D - is) - (1 + k 2 )(B' sk + B i C)Sifh(D - n)js

+ (B8 C + B~ sk)cosh(D - n)js - (B~ Sk + B1  Ck+ B1  s3 + B 3c)

45



sinhjs + B + B1 s. coshjns] + 2(c 1  +C c+Csihr~ 12 C. 13 1 + 2 Ck 3 k

coshjns}] + 2kj 2 [CcOSS&{ 2[(B 1 Y k + B11 ck)sinhls

+ (dy C + dy s.)Cosh(D - ri)ks + (dyc. + dys )sinh(D - ri)ks - (B Y~c3 j 6 j 4 j 5 10 k

+ Br Ysk)coshkns + (B1Y s~ + B Y c )sinhkns] E E (A s + Ac.1 k12 13 i 19 8j 6c

cosh(D - n)ks + (A 10 si + A 4ci )sinh(D - ri)ks A A2 slfhkns]

+ (1 + k 2) (PY c~ + PY 5. + Py )coshkrs}+ sins&{ 2[(B i Sk

+ B 1 c )sihknis + (d i c~ + d~ i )cosh(D - r)ks + (d~ cj + dS.)

sinh(D - n)ks - (B1  Ck + B i S)coshkis + (B i s~ + B

sjflhkns] - E1  E (A S~ + A c)cosh(D - nOks + (AaSi + A c)

sinh(D - rks - A siflhkns] + (1 + k 2)(P c~ + Pi s + pi

coshkris} + T 17 cossE - T 18 sins&

T 0 [17 cos(y~sivsi-n9) +El~ sin(yisnsine1 )]

+ eYisncse1 [ cos(y~sinsinel) - El i sin(y~sinsinel)]

T eY1scs CE17 cos(y~srjsinel) - Ely' sin(yisnsine1 )]
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+ e Clnoo E 8 cos(ysisine1) + Ely sin 1ssie)
188 (ssn

P E + 2f[A)OS (A5)Isins~le

+ 2g[(A*)YcossE + (A*)1 sinst] e9gn + (T1 cossE + T20sinsd ds

where

Ta = e y2srgcose2 e2fCS [Ey CO nysSifl8) + Ei sinl(y2 nsifl 2

T e-~sc Ce6 CoSi ysine8) - Eysin( ~nsine)

(2) =2 "2 - -24)risfn*1cssJ~~
- - 2PA*Ysins -(A*) osl
0

+(1 + 62)(A) sinsg - (A6)icoss~] e-gns + (T21sinsE

-T22 cossE)} ds

where

T2  'eyscs2 [E cos (ysnsine2  + Ei sin(y snsine )l

T = e -y2sncose2 CE7 csysnsine) -y sifl(Y2ssf8

(2) _ 2 ,0 SV 92 ) C(A*)Ycoss + (A5 )i sins&] e-fi

0

+ 2g[(a*)Ycoss& + (A*)1 sins&] e-n + (T2 cossF, + T24sinsE) ds
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where

T e-Y2 SnC°Se2 [EY+Ei sin( rsnsin2)
T23 = e [E8Y cos(y 2sncose 2) + Ef s 2s 62)]

T24  e 2 CE8 cos(y 2 sn sine 2) - E8Y sin(y 2snsin6 2)1
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CHAPTER IV

CONCLUSION

In the rapid traversing friction source model, the thermal effect

dominates the stress field that eventually leads to failure. Numerical

results are presented in the text corresponding to five different cases

of material properties and geometry to study the layer thickness effect,

the stiffness ratio effect, the thermal diffusivity ratio effect, and the

effect of pressure distribution. Only the stresses at > 0 are

discussed, since the maximum stress occurs at 0 < <_ 1 in all the

cases. Case 1 (Figures 2-4) illustrates the effect of a soft layer for

which the material of the surface layer is represented by zirconium; the

material of the substrate is stellite III which is harder than zirconium;

the dimensionless layer thickness D is two; and the pressure distribution

is uniform. Figure 4 shows that the maximum thermal stress for case 1 is

1.1 P0 . Case 2 (Figures 5-6) illustrates the thickness effect, for which

the materials of the surface layer and the substrate are the same as in

case 1, but D is different. Figure 6 shows that the maximum thermal

stresses are 1.25 po , 1.6 p0 , and 1.05 P0 for D= 0.01, 0.1, and 2.0,

respectively. The phenomenon indicates that the stress is maximum when

the layer thickness is in the neighborhood of ?7= 0.1, the depth of

maximum thermal gradient. Case 3 (Figures 7-8) illustrates the effect of

thermal diffusivity ratio, in which the material properties are the same

as those in case 1 except that the thermal diffusivity of the layer

material is one-half that of zirconium, with D=2. In this case, both the

temperature and the thermal stress decrease in comparison to those of

case 1. In case 4 (Figures 9-10) the effect of a hard coating is
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illustrated, in which the material properties are the same as those in

case 1 except that the Young's modulus of the layer material is five times

that of zirconium, with D= 2. It is shown in Figure 10 that the thermal1

stress is much larger than that in case 1. In case 5 the effect of

pressure profile is studied. In this case (Figures 11-13) the pressure

distribution is parabolic and the total pressure is the same as the

uniform pressure case and the material properties are the same as in

case 1. The thermal stress due to this type of excitation is larger than

that with uniformly distributed pressure.

Base on the cases studied, it may thus be concluded that a stiff surface

layer, which is less compliant, would result in higher thermal stress.

Surface layer materials with low thermal diffusivity are generally a result

of high thermal capacity which in turn, results in less temperature rise,

thus lower thermal stress. Finally, the effect of surface layer thickness

depends on the thermal layer which is defined by the depth of maximum

temperature gradient. Therefore, substantial reduction in thermal stress

can be achieved by decreasing the thermal diffusivity, by decreasing the

modulus of elasticity of the surface layer, or by designing the layer

thickness such that the interface is away from the depth of maximum

temperature gradient, which in the present numerical problem is 77=0.1.
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APPENDIX I

THE EXPRESSIONS OF A, Al, A2, A3, A4, A5, AND A 6

2 0 (1+k2  0 0 0

0- (1+k2  0 2k 0 0

Sj sj j-1c ksk kck f 1 e fSD ge-gsD

c S Ck s -e fsD -gsD
cj sj+ ck sk -e -e

fsD  2 -gsD2cj 2sj (I+k 2)ck (1+k 2)sk -2 -1 )Je

k1+ k 2

S1 (1+k 2)sj j-I(I+k 2)c 
2ks 2kce 2

f6j2 6j2

= 2A1 + (1 + k
2 )A + [2A3 + (1 + k

2 )A4] Ick + [2A5 + (I + k2 )A6 ]cJsk

+ [2A 7 + (I + k
2)A8Isisk + [2A9 + (1 + k2)A10]CkS

A=k(] + k2)- 4Q 2(l + 92 46J  2 4 Q (+ g)2 2 2g(l + k 2

A- k(z2 )4 2 2 2
(6j2 j) tJ

.2( + k2) + 2g. + k2 ) +' (I + k)(I +g2) 1
f f6j 

A 2 k 4LQ±2 + (I+ k 2 )M + 2 )2( +k 2  (1 + 2 )4
I2 [s 26" f6J2 8j f(s j2)2 i

2(1 + K2  + 2g(l + k2  + 2(1 + g2)]

f fa 62

i 63



A[ = k[_ 4g - 2(1 + k2)(1 + g2) + (1+ g )2  +  4g(1+ k)

A3 [2 2 f+i 2 2 6~j2
( 2 )f f(d2

+ (1 +fk - 8(1 + k2)2]

Ak l + k2 4g + 4(r 2 8 ( + g2 )2 4 + 4
(7 2 7

2 2 2 f('j 2

A k 21 + g - 4 - (I + k 22)(1 + g2) (1 + k2)

A6 . -(1 + k2 )(1 + g2) + 2(1 + k2 ) + 2(1 + g2) - 4 ]jf5j2

2

( 6j2 f)j f(6,j )
222 2A8 = 2 (1+ k2 )4g + ) ) + 249

(1+k2 4 2)(l +  k 2 2 (M + 122 +  4 (1 k k2

3 [(. .j2) fj2)f(+ 22

(1 + fk2 g(l + k2  21

A9 = - (1 + k2 )(1 + g2) + 2(1 + k2) + 2(1 + g2) - 4]
fad

2
A k(l + k ) [2(l + g2 4 - (I + k2)(1 + g2 + 2(1 + k2

Ao = j 6J2
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;-20 (1+k 0 0

p j- (1+k2 0 2k 0 0

7-1

0 -cks k kc k f-Ie-f SD g-gsD

0sC k s k fD - e-gsD

0 2 (1+k ) k2 )s 2e- fsD -(l+g
2 )e9sD

2s 1 k kSk 612 s,32

o - 1 k 2 ) 2ks ~ 2kc (+2)-fol'2eks

e- (f+g)sD -a-f (B1 + B cJ~ + B c sk + B45s5 + B cks)

2 (B 6c j sk + B 7 c c jk+ B 8 ck s + B 9si s k)j

2 2 2 2 2F~ 2 2 -a j ~j26

f (,2 fa S

2( k)2 (k 2 2'12 2
2k[ 4 2(l+ k M + 9 g + 1+9 +4)

2k. - 2 22B2  f~i Ja 2 s

+(1 + k 2 - g(1 + ]
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B3  2k2  g2 - +k 2  2 (
B3 = 2 [2( + g 2 4 - (1 + )(1+g 2 + 2(l + k2)l

B4= 2k 2  4±i + 4(l+..2 + g 22 4 + 4g](6j2) f6 2  6 2  f(6j 2 ) 2

4 k (1 2  2 2 2T

B5 = 2 - (1 + k2)(1 + g2) + 2(1 + k 2 ) + 2(1 + g2) - 4)
faJ

=(1+k 2 4 2 + + g22+ 4( +2k2

2 (d2) 2 f2 f(j22) J

+ 1+ k 2 )  k22+ - g(1 +

B k( + k2 ) [2(l + g2) 4 - (I + k2 )( + g2 + 2(l + k2 )l
j6j

[ 2 2
B8 k(1 + k2 ) 4 + 4(1 + g2) 2 ( 11 + g 4g

si 2 fs i f2 S(6j 2) f~2 2 f(5j 2 ) -J+4

2 2) 1 + g2) 2)2
B9 -. g( + t') [ (1 + k) (1 + 9) + 2(1 + k2 ) + 2(1 + g2) - 4)

f6J 2
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i~fP 2
2 -- (1 +k) 0 0 0

4S

0- 0 2k 0 0

j- s. 0 ksk kck f- 1e -fsD g-s

A2 s c. 0 c Sk -e - fsD -.e-gsD
k k

2c. 0 (1+k2 )c (1+k )s - eS 1g)e-9S
k k SJ2 SJ2

j- (1+k 2)s. 0 2s2c (~2)-fD 2 -s
2ksk 2kfJ 6

e-(fg~ [ i11? (ci1si ck + C 2 s Sk + C 3 c + c 4cck

-- (C5 + C 6s Sk + C 7 s jck + c 8Ci Ck + c 9sk c.

C 1 =B 2 , C2  B B30 C3  B B4, C4 =B 5, C5 =jA 2- C6 =-B 6, C7 =-B 7

C8 = -B8 , C9 = -B 9
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0 JUPf P 0 0 0

0 j-1 (1+k 2  P 2k 0 0

ii s j 0 kc k fI e-f sD ge -gsD

A3  cSi 0 sk -e-fD -e9gsD

2 -2e- s -(1+g2e-s
2c. 2s. 0 (1+k )s k 2s2

j- (1+k 2)s. ji(I+k 2)c. 0 2kc 2)-fD 2e-s

jk 2 2

e- (f+g)sD~~E (dlskci + d cjc k + d 3 s i ck + d 4 s sk)

+ -i (d fP + d s iC + d c ~C k+ d sci +d

d, A3Ik, d 2 = AS/k, d 3 = A 7/k, d 4 =A 9/k, d 5 =AV d6  A A10 ,

d AV, d 8  A A6 , d9 = A 2
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2 0 Ik2 if

0(11+k2 ) 0 0

c S. c c. k 0 -e s egsD

2c2s (1+k 2 )c 0 2efS 2(g)
)k SJ2 8

j-1 (Ik2 ) - Ik2 )c 2s0 ~ 2 e- fsD 2g -gsD
j (1+ ks )c.2 61~ 02i:

=e- (f+g)SD [22(Pls ck+ P s is k+ P 3Skc + P c ck

p~ (P c ck + P6s c~ + P sSS + PBS.Ck 91

P 1  _ A8 9 P2 =-A 10 , P 3 =-AV, P4  _ A6 , P5 = A3/k, P6 = A5 /k,

P7 =A 7 /k, P 8  A* A, P9  A A1/k
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1+k2) 0

j-1 (1+k ) 0 2k 0

.j-Is j1c ks k  kck 0 ge- gsD

a5 =

c S ck  Sk  0 -e-gsD

2c. 2s. (+k2)Ck (1+k2)k 0 -(1+g2)e-gsD

j-1(l+k2 )sj j-(I+k 2 )c. 2ks 2kc 0 2qe-gsD

k 2 k6j
2

e- [ .2 (HIsj + H2 cj + H3 Ck + H4sk) + p (HsCj + H6 s

+ H7 sk + H8ck)j

H .k1k2 2(+22 2 (1+2 M+g2
. 2( + k + 2(it + g2+ (1 + k2)2  (1+2)(1 2 )

H 1  j2 '___ 2 2  4j

H2 " k(1 + k2) j" 2(1 + k2) + 2(1 + k2 + 4 -416J

2k [( + k2j)(1 + 2)l

H - ( + k 2) + 2( l + k + 4

2 2 j 2 1+ 2 )1 )1

j2 + (1 +k 2) 2
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2r( 2 _

H6  2kgI 2(1 + k) + +2 4

2 2
H7 2( + k + ( + ) +- 4 2(l + k)2

7oJ7
H k(1 + k2) [ (l + k 2)(1- + g

2 )  
2(l-+ gl2. 2(l + k2 ) + 4

i ifP

2 0 (1+k2 ) 0 0

S j- (1+k2) 0 2k 0 6j
2

j- s. j- c. ksk  kck fle-fSD 0

A6  c. s c k  s k  -e - fsD 0

_2-fsD
2c. 2s. (1+k2 )ck (1+k

2 )Sk 2 e 0

6j

-1 2 -1 2 2J~ )es
(1+k )sj (1+k )c. 2ks k  2kc (+ 2 )e-  0f6j2

=-efsD F-ilfP +Ls

=e ( L s + L c + L c + Ls) " p (L c +L
162 L1s L2c 3Ck 4 k J Ts

+ L7 Sk + L8Ck)

k2  [ 222
L ' ck)12)L -k(1 + k2 )  2(1 + k 2 ) + 4I + (I + k 2 2(1 + k

-k~ ) + ) 2(1 k2 + +k 2 )(1 + +4 _2(l1
L2  2k( + k2" f6j fSJ 2
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2k 1 k2) 1+ 2 + (l +k 2 )2 2(1 + g 2  2(l + k2)L -+

2k 2 (l + k2 ) 4 2) 2(1 + k2) + 4]

42( + k2) 4 + k2 2  2 2 1
L 2k 2(l + k) + (4 + k (I + 2 ) 2  2( + 2)

2) 2) 2 2
L 2k [ 2(l + k + (1 +k I(g+g 4 2(l

2 T- 2,22 2 2

(1 + k 2 (1 + k2)(l +  2 ), + (1 +k2 2 ( + 2(1 + k2) 1
L/ -z + ~ f6 + 2

L k(l + k2) [2(1 + k2 ) _ 4 2 1
L [-- -2(l+k
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APPENDIX II

THE EXPRESSIONS OF AlI A2, A3, A4, A5, AND A6

E19  0 (1+k2) 0 0 0

E20 -1 (1+k2 0 2k 0 0

E 2 j- c j ks kc k f e- fs D ge gSD

. -1-fsD -sE21  .jkk k e

A1  E22  s c k s k -e -egs

2 2 -2e- f s D  (l+ 2 )e-gs D

E23 2s (1+k2 )ck (1+k2 )sj2 sj2"

E4 -1(1+K 2)c. 2ks 
2 kck 

2 )e - f sD 2e-gs
D

f6i 2  6j
2

e-(f+g)SD CE19(BI + B2cJck + B3SkCj + B4 sjsk + Bssjck)

+ (1 + k2)(B 6skCj + B7cjck + B8sjck + B9SjSk + B10sk 
+ B11C k

+ Bc12 s + B13c)]

where

B1 - A1

B2 - A3

B3 = A5

84 - A7

B = A9
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r2

B --E 20 4g 2(1 + k')(1 + g + (i + g2  + 4g(1 + k)

6 2 2  faJ2 f(6j 2 ) 2 aJ2

22 21
+ (1 + k') _ g( + 2r 2 (1 + k(1 ) ) 1

E 20 k g2 k2  2 k2

B = - 2(l + - 4 - (1+ )(1 + 9 + 2(1 + k
7 6SJ [

2
B8 =E o + (1+) 4 -+ 4g

E2 kI f6J22 2 2 f]

B9 = E209[ + k2 1( 1 + g2) + 2(1 + k2) + 2(1 + g23 - 4

2 2+ 2 22B -11 + k 1 E2 [- 4 2 1+k)i 2 9(

10  = 21 ) fsj f(6 2 ) 2

+ E22 (l2 +dk 2 M++ 2+ + E 2 -22!]

1  (1 + k2) - g(1 + k
2) _ (1+ )

+ E24 [dJ2 + f6J 2

Bl (1 + E421 62 1 75 E22 (S 2) f(J 2

]- 2 - k

2 23ai f(s 6 2 81j

+ E24 " + +2
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2 2
2(1 E + ) +

B12 = 21 + 2
+(j2) f(J + 6J2]

+E 2 2 - fj2 E6] +E23 f -

+ [ 3- + - 2g - (1 + g
2)

24 l2 f f j2

B E 11 +.,,2)1(1 -.,, k 2  2(l + k 2  + E 49
13= 2k 1E 21 jj2 ± (1+2 E22 ' 2

+ 1+ k)( + 1 2g(l + k 2  (1 + g2) 2

jf j 2  j6j 2  Jf( 52) 2]

+ 2g (1 + k2 ) g(1+k 2 ) + 1

+i ++

+23 jj 2  Jf j

+24[ 4 j661
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E19 (I+k) 0 0 0

0E2 0 2k 0 0

s E 21 ksk kck f-efsD ge-gsD

*-f SD -gsD
A2  c E Ck  sk -e -e

2 2

2 22e-fSo (J+g2)e-g sD

2c. E23  (1+k2 )Ck (1+k2 )s S J2 sfS2

J- 1(1+k2)s. E24  2ks 
2kck (I+2 )e -fsD 2ge-g sD

S 4 k fsj 2 ' i a2

e(f+g)sD 2 (c1 + C2 ck )  E 19(c4sjc k + Cssjs k += e C i kc 6 cjsk

+ C7CiCk) + (1 + k2 )(CsjSk + c9sjc k + C10ciCk + c11skcj

+ C12c j + c 3 sj

where

r 22 2.. .

(aJ )faj2 f(a J2 ) j2aj

2(l + k2) + 2g(1 + k2) + 2 + 2

.I
c 2kj 8

C2  ( + k2  10

c3 =-2k, 1

(1 + kz)

C4 = A3

C5 = A5
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c6 = A7

c 7 = A9

E20A8J

8 (1 + k2

(1 + k
E 20 A4J

10c (1 + k2

E20A6j
c 11 (1 + k2

C 12  - B1 2

C13  B1 3

2 0 E19 0 0 0

0 j 1(1+k2) E20  2k 0 0

I sj j- 1cj E 21 kc k  f- e- fsD ge- gsD

-1fsD -gsD
A3 =cj s E 22 s k  -e-D -e's

22e - fsD  (+g2 )e- gs D2cj 2s E23 (1+k)Sk

J-1 (I+k 2)sj j-I(1+k 2)cj E2 2kc k  (+g 2 )e - f sD  2e-gs D

J E24 kkjz

-f2 i22 -fs2 2

= e- (f+g)sD [2(dlsk + d2 ck + d3 skcj + d4 cjck + dssjck + d6 sjsk + d7 s j

+ d8c.) + E19(d9s sk + d10S c k + d11cc k + d12Sk.c + d13
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where

d= - B1 0

d2  B11

d3 = -E 20 A3d3 = T- -

d4 = "E20A5
2k

-E20A 7

5 =

d6  -E 2 0 A9
6 2k-d6= -B--2 -

d = -B12

d8 -B13

d9 = A8

dlo = A10

d = A4

d12 = A 6

d13= A2
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2 0 (1+k2) E 19  0 0

0 (1+k) 0 E 00 0

j 1sj ic ksk E2  f-1 ef sD ge-gsD

Cj SJ Ck E 22  -e- fsD -- s

2c. 2s. (1+k 2)c E2  -2-s (~ 2)e s

j- Q~ 2 s j 1(+k )c 2ks E (~g2 e- fsD 2e gsD
-1 24 -1 2 fddz

e-(f+g)sD [2(P, ck + p 2 k + p 3 C jCk + p 4sk c + p 5s iSk + p 6si ck)

+ (1 + k2 ) (P7 c + P 8 s + P 9  E1 El(Pl10s i ck + P11S i Sk + p12skC i

+ P 13 ci ck)

where

P1 = 10

= E20A3

- E 20A5
4 2k
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B1 2 (1 + k2)

7 2kj

B13 (1 + k2 )
P 8 13 2kJ

P9=k

k(1 + )

P O lo A 8

P1 0 - AO

11  A10

P12 = A4

P1 3 = A6

2 0 (1+k ) 0 E 0

0 j-I (l+k 2 ) 0 2k E20 0

A5  .is j-lcj ksk kck  21

cj sj ck  s k  E 22 -e- gsD

(1+2 2(1+g 2)e-g sD

2c. 2sj (l+k2)ck (I+k2 )S E23

(li ksk 2e~

i-l 2+k j-'(1+k2 )c. 2ks k  
2kck 24 2

e-gsD [2(H 1 + H2slck + H3 sisk + H4 cjck + H5SkCi + H6 c

+ H7 s ) + (1 + k2 )(Hs kc + Hgcick + H0siosk + H11sick + H1 2

+ H13 sk + Hl4 ck) + E19 (H1 5 s j + H16 cj + H17 ck + H18sk)]
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where ( + 2 2) + 2( l + 2 ) 12 2
H1  (Ek(l+k) 'E [-2(l + k + 2I + El- 2g(1 + k2

- j E211 6 E22[)

sid2 23 V 416J2

2g (1 + k2) 4 + 1 21 + k + 2 1

H2  2k 21 S j2 E24[

+ 2(l + 2 ( + 4H = - E21 2 22 I 2 2

+21[ +d2 - ++ E24  2

+k E [2 (1k

24 22

H5 2 EF.~+ E22 [ -4g +2 +E23 r ~ -

sL 2

2]1 2[2 21] [+ E(
g(1 + k )+ E2 jI - g(1 + k~j+E 4 j--(

~ 23d' d 2[

H 2 E + k M+ 2 2 ( + k 2) + 21

6 20 si 12(l + '3 (1 + k ) ( + g

23 2

H7=E 20 (2kg) (1 +k 2 (1+ 2k ) 2 1

- 61-- 2 -7

H8 =-i21[( +3 k 3 ~(+ 2 1  2 4 + E24 f-(1 + k 2) + 2

H - H 5(1 + k2 )
9 5i
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H (1 + k

H '

+ k + k ( + 2) + 

H12 = 2 2(+ k2 ) +
+ E 23 (1 + k 2 ) +..** 2 ]+E 3 F1 22 2
** E24  22 - (1 k +

21+k ) - 2 + 21 k2)
H13  gj2 ((2
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H15 623"8j
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22 3 213'
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2 0 (1 + k) 0 0 E19

1 2
0 j( + k) 0 2k 0 E20

A6  - s j3Ic3 ksk  kck f-le-fSD E

6j s k  sk  -E21

C S C k Sk -e-fsD

2c. 2sj (1+k2 )c (1+k2 )s -2es E

1 2 -1 2 (+g2 e-fsD

(1+k )S 1+k2)c 2ksk 2kc k  (E+ 2e f  
24

= e- fsD [2(L 1 + L2sick + L3S iSk + L4c ck + LsSkCj + L6cj + L7S)

+ (I + kM)(L8Skcj + Lgcjck + L10 SS k + L11Sick + L12 + L13Sk

+ L14ck) - E19(Lis S + L16c + L17 ck + L18Sk)]

where

L k(l + k2) [ k2) 41 + E[2( + k 2) (1 + k2 )(1 +

E2j1 ~ 2 2 1  -6j f~j2

+ E23 F + ( + g2) ]+ E 24[- (1 + k 2) +2

L = kfE I k (1M+g2 ) + ( 2 +E+2 2
2  

j 21[+ E24  -f--

L32k 2jE~l 4 - 4] + E 2  ( +. - 2 E 2  + + 2]

+ E24 -2 + I
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+ 2 f fSJ2 24[ S4 I

[(1 + k 2  2 2] 2+k2) + 2
lo 2 I 2 12)(l + k) - (I + k + E ()

22LCk(322 (1+ k 2  2 2)
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E1 _ 2[2l k 2 4 _ 2 i .4
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APPENDIX III

THE METHOD USED TO AVOID THE SINGULARITY IN THE INTEGRAL

In this appendix, the method used to avoid the numerical singu-

larity of the integrals encountered in the analysis is discussed by

means of the example integralj - dx. This integral has a numerical

singularity at x = 0, and therefore cannot be integrated numerically

from zero to four. One approach to avoid the singularity is to

replace the lower limit of the integral by E which is an arbitrary

small number greater than zero. Integration is carried out with

decreasing values of e until a value of the integral is obtained which

is considerably different from the previous integral value correspond-

ing to the previous value of e. The last value of the integral thus

obtained is taken to be the best approximation to the actual value of

the integral. For the example

A 1_" dx
0 Vx

the exact solution is 4. The results of the numerical computation of

A for various values of are tabulated below.
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£ A

10 - 9  3.99994

10

10- 10 3.99998

10- 11 4.00000

10-12 4.00005

10- 13  4.00018

10- 14  4.00063

10- 15  4.00204

10- 16  4.00647

10- 17  4.02051

10" 18  4.06490

10" 19 4.20526

10 -20 4.64914

The table indicates that the numerical integration diverges for values

of £ smaller than I0- 18 . = 0 - 18 therefore gives the best

numerical solution to the problem.
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